Abstract. Single reference-phase-based methods have been extensively utilized in digital fringe projection systems, yet they might not provide the maximum sensitivity given a hardware system configuration. This paper presents an innovative method to improve the measurement quality by utilizing two orthogonal phase maps. Specifically, two reference phase maps generated from horizontal and vertical (i.e., orthogonal) fringe patterns projected are combined into a vector reference phase map through a linear combination for depth extraction. The experiments have been conducted to verify the superiority of the proposed method over a conventional single reference-phase-based approach.
Introduction
Digital fringe projection (DFP) techniques have been successfully applied to numerous areas including manufacturing and medicine. 1 A DFP system typically retrieves phase information from the projected fringe patterns. To obtain threedimensional (3-D) coordinates, a calibration method has to be adopted. It is well known that the measurement system accuracy is usually determined by the employed system calibration accuracy.
Although numerous more complex calibration methods [2] [3] [4] [5] [6] [7] [8] [9] [10] have been developed, the simple reference-phase-based methods [11] [12] [13] are still extensively used mainly because of their simplicity. For a DFP system employing a phase-shifting method, configuring the system properly is very vital to achieve high-quality measurement. This is because the difference between the measurement phase and the reference phase is usually linearly proportional to the depth.
14 Therefore, the phase changing rate while moving the object along the depth direction determines the system depth sensitivity. There are a few factors that influence the depth sensitivity: the fringe density, the angle between the projector and the camera, and the signal-to-noise ratio of the hardware components (e.g., camera, projector). Given a hardware system setup, the maximum density of fringe patterns is limited. To increase the system sensitivity, changing the angle between the projector and the camera is usually necessary: a larger angle can lead to higher sensitivity. However, if the angle is too large, the shadow problem becomes serious.
This paper presents a novel method that could increase the sensitivity of the DFP system by using two orthogonal reference phase maps without changing the DFP system design. Specifically, the horizontal reference phase map Φ r h and the vertical reference phase map Φ r v are generated from the horizontal and vertical fringe patterns, respectively. These two reference phase maps are composed into the vector reference phase mapΦ r ¼ αΦ r hĩ þ βΦ r vj , where α and β are the two calibration constants andĩ andj are the unit vectors along the x-and y-axes, respectively. For each measurement, a similar vectorized phase map is obtained. The vector distance between the reference phase map and the measurement phase map is converted to depth through calibration. Our experimental results found that given a hardware system configuration and the projected fringe density, the proposed method could provide better sensitivity to depth changes than the conventional single reference-phase-based method.
Section 2 explains the principle of the proposed technique. Section 3 shows the experimental results. Section 4 discusses the advantages and limitations of the proposed method, and finally Sec. 5 summarizes the paper.
Principle

Least-Square Phase-Shifting Algorithm
Phase-shifting algorithms are widely used in optical metrology because of their measurement speed and accuracy. 15 Numerous phase-shifting algorithms have been developed including three step, four step, and least squares. Typically, the more the patterns used, the better the measurement quality could be achieved. For an N-step phase-shifting algorithm with equal phase shift, the fringe images can be described as I k ðx; yÞ ¼ I 0 ðx; yÞ þ I 0 0 ðx; yÞ cosðϕ þ 2kπ∕NÞ;
where I 0 ðx; yÞ is the average intensity, I 0 0 ðx; yÞ is the intensity modulation, ϕðx; yÞ is the phase to be solved, and k ¼ 1; : : : ; N. Solving these equations simultaneously leads to ϕðx; yÞ ¼ tan
Equation (2) provides the phase ranging ½−π; πÞ with 2π discontinuities. The 2π phase discontinuities can be removed by adding or subtracting multiples of 2π using a spatial or temporal phase-unwrapping algorithm.
In our DFP system, we mainly utilize a temporal phaseunwrapping method with three different fringe periods: T 1 ¼ 18, T 2 ¼ 21, and T 3 ¼ 147 pixels for the majority experiments. From these three fringe patterns, the equivalent fringe period can go up to 882 pixels, which covers the whole range of projection with a projector resolution of 800 × 600. Since the phase used for 3-D shape reconstruction has the narrowest fringe patterns, we mainly utilize a nine-step phase-shifting algorithm (N ¼ 9) for T 1 ¼ 18 to obtain the phase and a three-step phase-shifting algorithm for T 2 and T 3 to obtain the other two phase maps for temporal phase unwrapping.
The binary defocusing technique 16 was utilized due to its simplicity and speed. 17 We mainly use the standard-squared binary method to generate the narrowest fringe patterns, and the error-diffusion technique 18 to generate binary dithered patterns with the other fringe periods. For each measurement, the absolute phase map, denoted as Φ, is obtained from these fringe patterns.
Phase-to-Depth Conversion With a Single
Reference Phase Map
Once the absolute phase value is obtained for each pixel, the depth z value can be determined through calibration.
14 Figure 1 shows the schematic diagram of the system. The hardware system includes three units: the camera, the projector, and the object to be measured. Points P and I are the optical center of the digital light processing (DLP) projector and that of the charge-coupled device (CCD) camera, respectively. After the system has been set up, a flat reference plane is measured to obtain a phase map Φ r that is used for the subsequent measurements. The depth (z) of the measured object surface is relative to this flat plane. From the point of view of the projector, point D on the object surface has the same phase value as point C on the reference plane, Φ D ¼ Φ r C . From the point view of the camera, point D on the object surface and point A on the reference plane are imaged on the same camera pixel, Φ r A ←Φ D . Subtracting the reference phase map from the object phase map leads to the phase difference at this specific pixel
If we can assume that the distances between the points P and I and the reference plane are all l, and the distance between these two points is d; and also assume that the reference plane is parallel to the plane of the projector lens such that the projected fringe patterns will be uniformly distributed on the reference plane. Thus, ΔPID and ΔCAD are similar, and the heightDB of point D on the object surface relative to the reference plane can be related to the distance between the points A and C on the reference plane, that is
assuming d ≫ĀC for the real measurement. Combining Eqs. (3) and (4) will give a proportional relationship between the phase difference and the surface relative height for each point. That is, Δz ∝ ΔΦðx; yÞ ¼ Φðx; yÞ − Φ r ðx; yÞ:
Here, Φðx; yÞ is the object phase map and Φ r ðx; yÞ is the reference phase map. Assuming that the reference plane has a depth of z 0 , the absolute depth value for each measured point can be represented as
where c 0 is a constant that can be determined through calibration and z 0 is usually assumed to be 0. One should notice that the larger the constant c 0 , the lower the depth sensitivity since the larger the noise that will affect the measurement. For example, for a hardware system with the phase rootmean-squared error of AE0.1 rad, if the calibration constant, c 0 ¼ 1 mm∕rad and the depth resolution of the system is AE0.1 mm. In contrast, if c 0 ¼ 10 mm∕rad, the system depth resolution is 10 times worse AE1 mm.
To maximize the sensitivity of the system to depth z changes, mathematically, it is to maximize the functional j∂Φ∕∂zj. For the reference-phase-based method, it is to maximize the phase difference jΦðx; yÞ − Φ r ðx; yÞj for any given measurement object. This is also to minimize the calibration constant, c 0 . This can be done by increasing the angle between the projector and the camera, decreasing the fringe period, or other methods. As addressed previously, our objective is to maximize the sensitivity without altering the other parameters.
Phase-to-Depth Conversion With Dual Reference Phase Maps
The single reference-based method is sufficient if the system is ideal: both the camera and the projector use telecentric lenses, or under the simulation condition where both the projector and the camera are precisely modeled as orthographic projections. 19 However, for a practical measurement system, its sensitivity capability is usually not maximized [or constant c 0 in Eq. (6) is not the smallest].
Considering the fact that neither the projector nor the camera in a DFP system can be treated as an orthographic projection, and one direction fringe patterns may not give the maximum sensitivity, we propose to use the dual reference phase maps to maximize the system sensitivity. Instead of using one set of fringe patterns to generate one reference phase map, the second phase map is generated by projecting a set of fringe patterns perpendicular to the first set of fringe patterns. In other words, two reference phase maps Φ r h and Φ r v are used. These two phase maps are combined to form a vector space for each point, in other words,
Here,ĩ andj are the unit and orthogonal vectors and α and β are the weighting constants through calibration with maxðα; βÞ ¼ 1. A larger weight (α or β) is given to the higher depth sensitivity for those particular direction fringe patterns. For example, if the system is more sensitive to vertical fringe patterns, β ¼ 1 and α < 1. Similarly, for each measurement, two absolute phase maps are obtained, Φ v and Φ h , to form the vectorized phase map
The phase difference between the measurement phase map and the reference map is defined as Fig. 2 Flow chart of dual reference-phase-based system calibration. 
Assume that z 0 ¼ 0, the relationship between depth z and length of vectorized phase difference kΔΦk is proportional, that is 
Here, constant c can be obtained through calibration and signðΔΦ h Þ is to get the sign of ΔΦ h for each point, i.e., −1 for a negative, þ1 for a positive, and 0 for a zero value. It should be noted that ΔΦ h and ΔΦ v should have the same sign since the relative position of the object point to the reference plane is physically defined.
Experiments
Experimental System Setup
The experiments were carried out to verify the performance of the proposed method. We developed a system that is Optical Engineeringcomposed of a DLP projector (Samsung SP-P310MEMX) and a digital CCD camera (Jai Pulnix TM-6740CL). The camera uses a 16-mm focal length megapixel lens (Computar M1614-MP) at F/1.4 to 16C. The camera resolution is chosen to be 640 × 480 whose pixel size is 7.4× 7.4 μm 2 . The projector has a resolution of 800 × 600 with a projection distance ranging from 0.49 to 2.80 m.
System Calibration
Unlike the single reference-phase-based system calibration where only one constant c 0 in Eq. (6) is usually needed, the proposed method requires the calibration of three parameters α, β, and c in Eq. (10). Figure 2 illustrates the calibration flows. The calibration starts with capturing two orthogonal (or horizontal and vertical) reference phase maps and two other orthogonal phase maps for a known step-height object by projecting orthogonal fringe patterns. The phase difference between these phase maps was first used to determine the calibration constants α and β values. Once these two constants are determined, the reference phase maps are then vectorized to generate vector reference phase map, and the step-height phase maps are also vectorized to generate vector step-height phase map. The difference between these two vectorized phase maps can be used to determine the constant c combining with the physical stepheight object dimensions. Figure 3 shows an example of determining the calibration constants for one 3-D shape measurement system design. Figure 3(a) shows one of the narrowest horizontal fringe patterns used to obtain horizontal reference phase map Φ r h ðx; yÞ shown in Fig. 3(b). Figures 3(c) and 3(d) show the corresponding vertical (orthogonal to the horizontal) fringe pattern and the vertical reference phase map Φ r v ðx; yÞ. We then captured fringe images of a known-size step-height object (50-mm cube) to obtain the two orthogonal phase maps. Figures 3(e) and 3(f) show the results. Taking the difference between the step-height phase maps and the reference phase maps will lead to two orthogonal difference phase maps ΔΦ h ðx; yÞ and ΔΦ v ðx; yÞ shown in Figs. 3(g ) and 3(h), respectively.
To evaluate the differences between these two difference phase maps, the same cross sections were plotted. Figures 4(a) and 4(b) show the 3-D plots of the phase difference maps. Figures 4(d) and 4(e) show the cross section of the horizontal phase difference map and that of the vertical difference phase map, respectively. It can be seen that the phase difference between the top surface and the bottom surface for the horizontal phase is substantially larger than the other. Therefore, α ¼ 1 and β ¼ 2.55∕10.26 ¼ 0.25. These phase difference maps can then be combined to generate the vectorized phase difference map, from which we can determine the length of the difference phase map, as shown in Fig. 4(c) . Figure 4 (f) shows the same cross section of the vectorized phase difference map. It can be seen that the vectorized phase difference is substantially larger than the vertical phase difference (10.28 rad versus 2.55 rad), and is slightly larger than the horizontal phase difference (10.28 rad versus 10.26 rad), making it more sensitive to depth changes.
We also experimented with another system design (the second design) with the same hardware components. Figure 5 shows the results of measuring a step-height object. It can be seen that the phase difference maps are close to each other for either direction of fringe patterns. For this system design, α ¼ 1 and β ¼ 0.92. The vectorized phase difference between the top and the bottom surfaces is >31% larger than either phase difference maps, making it substantially more sensitive to depth changes.
Experimental Results
With the calibrated system, we measured a more complex 3-D statue using the first system design (β ¼ 0.25), David Head. Figure 6 shows the measurement results. Figure 6(a) shows the photograph of the statue. One each of the horizontal and vertical fringe patterns is shown in Figs. 6(b) and 6(c), respectively. These two phase maps were then combined to a vectorized phase map to compute the 3-D shape, as shown in Fig. 6(f) . It should be noted that we used a very simple method to convert camera pixel indices ði; jÞ to ðx; yÞ coordinates by simply scaling, and the scaling constants were obtained through calibration. As a comparison, if only the horizontal or vertical phase map is used, the 3-D shape can also be recovered using the single reference-phasebased method. Figures 6(d) and 6(e) show the results. This experiment shows that for one system design, if the horizontal patterns are used, the improvement using the combined method is not significant [refer to Figs. 6(i) and 6(g)]. However, if the vertical fringe patterns are used, the measurement quality improvement is substantial compared with the single reference-phase-based method [refer to Figs. 6(i) and 6(h)]. Therefore, for a well-designed system, the choice of fringe orientation is vital to achieve high-quality measurement.
Using the system with the second design (β ¼ 0.92), we measured the same David statue, as shown in Fig. 7 . Although all results look good, the proposed method performs the best with the least noise effect. From the zoomin views [Figs. 7(d)-7(f)], one may notice that the proposed method not only has the lowest noise level, but also has the clearest features. This, again, is due to the higher sensitivity achieved by the proposed method.
The prior experimental results were obtained by using a nine-step phase-shifting algorithm to reduce the influence of sensor noise. Practically, sensor noise will play a role for practical measurement, especially when a three-step phase-shifting algorithm is employed. We further carried out the experiments with a three-step phase-shifting algorithm using the same aforementioned hardware components. Again, a three-wavelength phase-shifting algorithm was adopted here. Unlike the previous experiments, the three fringe periods we used are 42, 72, and 800 pixels; and instead of using the standard-squared binary technique, the error-diffusion dithering technique was adopted for all fringe patterns. 18 To better present the resolution of different methods, we selected a vase with micro-surface structures, as shown in Fig. 8(a) . The micro-structure is approximately a submillimeter in depth and repeats itself on the whole surface. Figures 8(b)-8(d) show the 3-D measurement results using horizontal fringe patterns, vertical fringe patterns, and vectorized phase map with both horizontal and vertical fringe patterns, respectively. Figures 8(e)-8(g) show the closeup view of the result shown in Figs. 8(b)-8(d) , respectively. From these figures, we can see that, overall, the vertical fringe pattern performs better than the horizontal fringe patterns since the structures are clearer and sharper, but the horizontal fringe patterns can better resolve the right bottom micro-structures; and the result using the vectorized phase map is better overall than either that of using the horizontal or the vertical fringe patterns. It is also clear that the 3-D result from the vectorized phase map is much smoother (less random noise) than that from either horizontal or vertical fringe patterns.
One may suspect that the improvement was the resultant of noise effect of the system since the proposed method uses two sets of fringe patterns while the traditional three-step phase-shifting algorithm only utilizes one set of fringe patterns. To verify this, we measured the same object twice for the horizontal and vertical fringe patterns and average the corresponding result to reduce the random noise. Figure 9 shows the results. Note that Fig. 9(c) duplicates Fig. 8(d) and Fig. 9(f) duplicates Fig. 8(g ) and these duplications are presented here to make direct comparison easier.
Comparing the results shown in Figs. 8(b) and 9(a) as well as Figs. 8(c) and 9(b), we can see that the averaged results are much better in terms of random noise reduction, and thus micro-structures become clearer. Even though the result from the vectorized phase map, shown in Fig. 9(c) , is similar to the result shown in Fig. 9(b) , the closeup views on the bottom right show that the proposed method can resolve more micro-structures. Compared with Figs. 9(b) and 9(a), we can see that the overall performance of the horizontal fringe patterns is not as good as the vertical fringe patterns. However, Figs. 9(d) and 9(e) shows that the horizontal fringe patterns can resolve more micro-structures around the bottom right areas than the vertical fringe patterns. Since the proposed method combines both phase map for 3-D reconstruction, it can take advantage of both merits of the horizontal and vertical fringe patterns: good overall as well as local performance.
All these experiments demonstrated that the proposed method could indeed improve the system depth sensitivity, confirming that the proposed dual reference-phase technique could generate better measurement quality than the conventional single reference-phase-based method.
Discussions
This proposed method used a weight constant to vectorize the horizontal and vertical phase maps instead of equally treating them. The motivation behind this choice was to minimize the noise introduced by the phase from the lower sensitivity fringe direction. This is because, for a close-to-beideal system where the lower sensitivity fringe direction will not contribute the depth sensitivity but noise. This, by no means, is the best option.
The proposed method addressed the issues of increasing the depth measurement sensitivity by using dual reference phase maps. However, compared with the single reference-phase-based method, the proposed method requires double theb number of fringe patterns, which will sacrifice the measurement speed. For the applications where the measurement speed is not the major concern, the proposed method could be a good option.
Conclusion
This paper has presented a novel method to improve the system sensitivity by utilizing two orthogonal phase maps. The experiments with two different designs of 3-D shape measurement systems have demonstrated the superiority of the proposed method compared with the single referencephase-based method. It is important to note that, under a certain condition, a single direction of fringe patterns could be sufficient to achieve high-quality 3-D shape measurement, albeit combining two directions would further improve the measurement quality.
